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Ng out technique to evaluate limits of functions.

nalizing technique to evaluate limits of functions.

8Y to approximate limits of functions numerically and graphically.
~sided limits of functions.

ts from calculus.

Dividing Oyt Technique
In Section 12,
by direct subsi
limits of fypcy

» You studied several types of functions whose limits can be evalua.ted
tution. In this section, you will study several techniques for evallllat{ng
o ons for which direct substitution fails. For example, consider the limit
Limits have applications in

« % & li x2 + X — 6

real-life situations. For Instance, x_}T_l3 T_*_T
in gxercises 41 and 42 on

age 838, you will use limits to

ind the velocity of a free-fallin » . ~

:)ijeCt at different times. 9 ( 3)2 Sl (*3) —6=0 Numerator is 0 when x = —3.

—

Direct Substitution produces 0 in both the numerator and denominator.

—aiF 5 = Denominator is 0 when x = —3.

The resulting fraction, 8, has no meaning as a real number. It is called an indeterminate
form because you cannot, from the form alone, determine the limit. By using a table,
however, it appears that the limit of the function as x approaches —3 is —5.

X =301 | =3.001 | —3.0001 =3 | —2.5900 | —2.909 | ~2.99
2+ x~
Tx3—6 =501 | —5.001 | —5.0001 | ? | —4.9999 | —4.999 | —4.99

When you attempt to evaluate a limit of a rational function by direct substitution
and encounter the indeterminate form %, the numerator and denominator must have
a common factor. After factoring and dividing out, use direct substitution again.
Examples 1 and 2 show this dividing out technique.

Dividing Out Technique

See LarsonPrecalculus.com Jor an interactive version of this type of example.

. . ... xXX+x—-6
Find the limit: lim —-——x——.
x—-3 X%+ 3
Solution From the discussion above, you know that direct substitution fails. So,
begin by factoring the numerator and dividing out any common factors.

X+x—6 (x —2)(x + 3)
——— = lim ——————=~ Factor numerator.
--3 x+3 x—-3 x+3
= lim (x = 2) Divide out common factor and simplify.
x—-3
= -5 Direct substitution
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2 = P b 12 _
Find the limit: lim ——>— = |
x—4 x—4
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ihe dividing 0Ut ¢

The validity of . they must have identical limit behgy, Ofipg
agree at all but single number & REIN c%
Example 1, the function® h
Bzt ad g =+
=T x+3
— 3, So, you can use g(x)tofind the ;.
agree at all values of x other than ¥ e iy, i "
W Dividing Out Techniaue
Find the limit.
x-1
o BT
lﬂx’—xz-*'x"l " or and
i s 1 umerator an ;
. \REMARK Toobuinthe  Solution Begin by substitine == e denominggyy
. factorization of the denominator, 1 -1=0 Numerator is 0 whey , =
¢ divide by (x — 1) or factor by Denominator | .
« grouping. p-12+1-1=0 1 fm”so“’henh,’
b S 3L Both the numerator and denomi'ﬂa.tor aré Ze;O ::;r;iat;r a’nflo dglrm_ Substitugig, .
h not yield the limit. To find the imits factor the numerator and denominator, ;. "l
: =2x-1)+(x~-1) any common factors and then use direct substitution again. o
- =(x- 1) +1 -
-oo-ooo.cooooc..)..D llm'_gl_—’xiz_l_’_l_‘:lij;r}(x—:—l)(’f—:—l—) Factordenominmor‘
-l -xtx- *
=1 -
= lm} m Dividecautcimmon factor,
X
= h_[)nl ;2—1_"'1‘ Simplify.
X
1 D Y . .
= m irect substitution
= -%- Simplity,
The graph below verifies this result.
y
2..-
-1
et e,
\f d-xtyx- 1
| Z/ fis undefined
| whenx = 1.
[1.3)
'1 s
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Find the limit: lim daml
=183 = T2 + Tx — 49° .
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A siques for rationalizing o Y 10 fing the
1e¢ orators and denominators‘ Clion. .. m

i ) of the

f * This jg s of some functions is to first rationalize : be n-umm“:rmcm“’f

Of the g, . the rntionalizing technique. Recall that to rnnonnhu.n n by e
“ONjugare of th\ "Oorby/m + a, multiply the numerator and d?nommn“;"
€ Numerayor. For example, the conjugate of /x + 4 is Jx-4

pu ndix A.2,
ot ApP®

: Rationalizin Technique
Flnd the limi[' g q

lim\/m~

X0

1

Solutio“ B ‘ ;
Irect Substitution, you obtain the indeterminate form g.

o T
ll‘l;r(l) * = @ - 9 [ndct:minu[e form
0 0
In this Case

\/\’rewﬁle the fraction by rationalizing the numerator.
T E ]
T (L To1)(aTi e
Jx+1+1
= (X + ]) =]

—_— Multiply.

p A(Vx+T+ 1)

X

Ne—— Simplify.

3+ (x+1+ 1)

Divide out common factor.

- X
e
AVx+1+1)

= ﬁ x#0 Simplify.
X

is und o _ o
J;h;lnxffgéd Now, evaluate the limit by direct substitution.

1 hm\=r 1 = =
i 2 " o x P N JoFI+1 141
-1

To verify your conclusion that the limit is 3, construct a table, such as the one shown
Figure 12.7 below, or sketch a graph, as shown in Figure 12.7.

|
"2

—

x =01 | -0.01 | —0.001 | 0 | 0001 | 0.01 0.1
f) | 05132 | 05013 | 05001 | 2 | 0.4999 | 0.4988 0.4881
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Find the limit.
1= /1 —x i
=

—— s sz 5
The rationalizing technique for evaluating limits is b‘ased on multiplication by
convenient form of 1. In Example 3, the convenient form is

- ~NxF 1+l
_\/x+1+]'

1
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; ology , ot work when findipo 1.
osis Techt gionalizing techmquees :11::3:3 sophisticated analytilcntel:n ity of
The dividing out 27 ten need “S) :hsowﬂ in Examples 4 and 5, Mg

0
- tions. ions, &
nonalgebraic func algebraic functions

to find limits of non

Approximating a Limit

Approximate the limit.

lin?) (1 + x)V/x

hical Solution cally, graph the function f(x) = (1

i ; Grap . hi
Numerical Solution g the limit grap _ d trace features of Xy

, To approximate - the zoom an of the gry- >
Let f(x) = (1 + x)"/~ Use the table feature of a as shown in Figure 12.§.tg(s)1:%he aph of £, such as phlng

graphing utility to create a table that shows the * ility, choose (WO

values of f for x starting at x = —0.003 with nd (0.0
; 2.7185) @
a step of 0.001, as shown in the figure below. (—000017’ e x-coordinates of these two Point

Because 0 is halfway between —0.001 and 0.001, in Figure 129. 1 imit to be the a e
use the average of the values of f at these tWO as Siz?s‘;?,tlfromg 0, so app“”“mate tige 1 Yerage of the
) g A equ y

x-values to estimate the limit. y-coordinates. That 15,

2.7196 + 27169 _ , 71695 27185 + 27181 _ 57183,
L

linEl) (1 + x)l/x =~ 9

The ;c;u;lzlimit can be found algebraically to be The actual limit can pe found algebraically to be e = 2.71828.
=~ 2.71828.

¢ 2.7225

[

lim (1 + x)'/* =
x—0

-.003 | 2.7224

-.002 | 2.721
-.001 | 2.7196 —_——
[ [

ERROR
.001 2.7169
.002 |2.7156
.003 [2.7142
-0.00025

X=0 -

—— 0.00025

2.7150

-2
Figure 12.9

Figure 12.8
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-1

; v vi qe 1€
Approximate the limit: lim
x—0

Approximating a Limit Graphically

. EXAMPLE 5/
e BT Approximate the limit: lim LS

5 x-0 X
/{QA Solution Direct substitution produces the indeterminate form 8. To approximate
the limit, begin by using a graphing utility to graph f(x) = (sin x)/x, as shown in
—4 | |4 Figure 12.10. Then use the zoom and trace features of the graphing utility to choose a
' point on each side of 0, such as (—0.0012467, 0.9999997) and (0.0012467, 0.9999997).
Finally, approximate the limit as the average of the y-coordinates of these two points,

> ll_r’l‘(l) (sin x)/x = 0.9999997. Example 10 shows that this limit is exactly 1.

Figure 12.10
\/ Checkpoint KJ))) Audio-video solution in English & Spanish at LarsonPrecalculus.com

1 —cosx o

Approximate the limit: lim
x=0 X
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o] g
I ne-SIded Limits
0 Section 12,1

2 y YO ¢ s . 5 s O
functig YOu saw that one way in which a limit can fail to exist is when 2

. N appro .
night sige f c.?::;ss adifferent value from the left side of ¢ than it approaches from the
of a One-sideq limi tfy Pe of behavior can be described more concisely with the concept
lim f(x) =
Ti:l- f( : LI > f(x) =Ljasx—c” Limit from the left
W) =
G Ly or fl) —>L,as x—>¢* Limit from the right

EXAMPLE ¢
PLE 6 Evaluating One-Sided Limits

I illd the limj
mit of f(x the ri
t ff( ) as x approaches 0 from the left and from the ght

f(x)=|£|

X

Solution
From the, graph of £, shown below, notice that f(x) = —2 forall x < 0.

Limi: from the left: f(x) > —2as x—07

Limit from the right: f(x) 2 as x—07"
\/ Checkpoint Q))) Audio-video solution in English & Spanish at LarsonPrecalculus.com
Find the limit of f(x) as x approaches 3 from the left and from the right.

-3
g =22

In Example 6, note that the function approaches different limits from the left and
from the right. In such cases, the limit of f' (x) as x— ¢ does not exist. For the limit of a
function to exist as x— ¢, it must be true that both one-sided limits exist and are equal.

Existence of a Limit
If f is a function and ¢ and L are real numbers, then

Jim f(x) = L

x—C

if and only if both the left and right limits exist and are equal to L.
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As illustrated in Example 8, a
step function can model delivery
charges. The limit of such a
function does not exist at a
“jump” because the one-sided
limits are not equal.

m Evaluating One-Sided Limits

Find the limit of f(x) as x approaches 1.

4-x, x<I
f(() = {4‘ _ ".2. § 5 l

Solution Remember that you are concerned
than ar x = 1. So, for x < 1, f(x) is given by 4

lim f(x) = lim (4 - x)

x=1"

about the value of f near x = ! rag
— x. Use direct substitution o Obta-er
In

=4-
=3, y

For x > 1, f(x) is given by 4x — x°
Use direct substitution to obtain 6

Jig, #iah= Jip, T =53
=4(1) - 12
=3.

Both one-sided limits exist and are equal .
to 3, so it follows that li_rf} f(x) = 3. The -1

graph at the right confirms this conclusion.

\/ Checkpoint ﬂ))) Audio-video solution in English & Spanish at LarsonPrecalculus,cop,

5 6

==\ﬁ=~m

Find the limit of f(x) as x approaches — 1.

—x2—=3x, x< -1
f(")_{ 43w

EXAMPLE | Comparing Limits from the Left and Right

For 2-day shipping, a delivery service charges $24 for the first pound and $4 for each
additional pound or portion of a pound. Let x represent the weight (in pounds) of g
package and let f(x) represent the shipping cost. Show that the limit of f(x) as x—?
does not exist.

$24, 0<x=1
flx) =4$28, 1<x=<2 Overnight Delivery
$32, 2<x353 y
Solution The graph of f is at the right. The 34
L i 32 Ot -
limit of f(x) as x approaches 2 from the left is 21 For2<x<3 7=

lim f(x) = 28

Shipping cost (in dollars)

ot SXSL, =
whereas the limit of f(x) as x approaches 2 g6 Tor1<x=2.fx)=28
from the right is 24 °
torO<x<l,f(x)=24
lim f(x) = 32. s
x—2* ' } S
These one-sided limits are not equal, so the 1 % 3
Weight (in pounds)

limit of f(x) as x— 2 does not exist.

/ Checkpoint K)))) Audio-video solution in English & Spanish at LarsonPrecaiculus.com
L]

In Example 8, show that the limit of f(x) as x— 1 does not exist. [~ |

Chuck Pefley/Alamy Stock Photo




Lirs 122 Techniques for Evaluating Limits 835
ALGEBRA HELP T, Mits from Calculus

, review evaluating difference In the next e

¢ quotients, see Section 1.4, of a diﬁ‘eren::r:;s le: you will study an important type of limit from calculus—the limit

. Olient,

Evaluating a Limit from Calculus +

mfB+ 1) - r3)
h .

li
h—0

e e 2 0 0 o
0".. M

D solu H
. ti : . iy
* . REMARK  Note that for any ON Begin by substituting for f(3 + h) and f(3) and simplifying.

x-value, the limit of a difference 2 T8 £ 1) — 2 2
quoﬁeﬂt 1S an expression of the :I,‘I,r},*m = ’llin}) [+ 5)7 ~ ;,] =3t —~1]
form K
21—
limf(x"‘h)‘f(x) =lim9+6h+h 1—-9+1
lim ——ﬁ_h s h—0 h
2
Direct substitution into the - ;l.i“(‘) o _}: .
difference quotient always By f . . ”
Produges the indeterminate ¥ Tactoring and dividing ou, you obtain
form g. lim fG+h —G) _ . K6+ h
imfE+ B = f&) h 0 H
h—0 h == llz“% (6 + h)
-
e+ 0) £ —oro
0 =6
_F) = i) So, the limit is 6.
0
5 / Checkpoint Q))) Audio-video solution in English & Spanish at LarsonPrecalculus.com
=0 For the function f(x) = 4x — x2, find
i L2+ 1)~ FQ) =
h—0 h
h(x) < f(x) < gx) The theorem below concerns the limit of a function that is squeezed between
’ two other functions, each of which has the same limit at a given x-value, as shown in
1 Figure 12.11.
2 flies in here.

The Squeeze Theorem

If h(x) < f(x) < g(x) for all x in an open interval containing c, except possibly
at c itself, and if
limh(x) = L = li_rén glx)

'
\
|
;
0
:
L

C:

The Squeeze Theorem - remens o

then lim f(x) exists and is equal to L.

Figure 12.11

A proof of the Squeeze Theorem is beyond the scope of this text, but you may.be
able to see, intuitively, that this theorem makes sense. Example 10 shows an application
of the Squeeze Theorem.
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onometric Limit +

y

(cos x, sin x)
((l,tan X)
x__\a.09)

Figure 12.12

« « REMAARK Recall from
Section 4.1 that the area of a
sector of a circle of radius r is
given by

1
A= 5‘7‘29

where 0 is the measure of the
central angle in radians.

m A Special Trig

. .. .. sinx
Find the limit: h_r’r(l) T |
x er a sector of a circle of radiys |

£ 4sL el sid
i to find this limit is to con igure 12.12), where x ;
Sg::mo:‘al z?nn:]ew: y“squeezed" between two triangles (see Fig Cxis
with centr )

an acute positive angle measured in radians.

tan x
L) -
1 .
Area of triangle = Area of sector z Area :ifnt:angle
X > e
tan x = 2 2
2 - 2
Multiplying each expression by 2/sin x produces
> = _x_ 21
cosx sinx '
ymbols yields

and taking reciprocals and reversing the inequality s

cosx < 5—1% =i
= [sin(—x)]/ (—x), this inequality is valid
(-n/2, n/2). Finally, ll_g(l) cosx =1 and

at lim (sin x)/x = 1.
x—0

Because cos x = cos(—x) and (sin x)/x
for all nonzero x in the open interval

lim 1 = 1, so apply the Squeeze Theorem to conclude th
x—0 ‘

‘/ Checkpoint ﬂ))) Audio-video solution in English & Spanish at LarsonPrecalculus.com

1- cosx. o

Find the limit: lim
x—0 b

2

Summarize (Section 12.2)

1. Explain how to use the dividing out technique to evaluate the limit of
a function (page 829). For examples of the dividing out technique, see
Examples 1 and 2.

2. Explain how to use the rationalizing technique to evaluate the limit of a
function (page 831). For an example of the rationalizing technique, see
Example 3.

3. Explain how to use technology to approximate limits of functions
numerically and graphically (page 832). For examples of using technology
to approximate limits, see Examples 4 and 5.

4. Explain the concept of a one-sided limit and how to use one-sided limits to
determine the existence of a limit (page 833). For examples of evaluating
one-sided limits, see Examples 6-8.

5. Explain how to evaluate the limit of a difference quotient and how to
evaluate a limit using the Squeeze Theorem (page 835). For examples of
evaluating such limits from calculus, see Examples 9 and 10.
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